In this paper, we introduce some formulae of series expansion which are derived from trigonometric functions related to Euler and Bernoulli numbers.
Introduction
As is well known, the Fourier series of a function f defined on the interval (−p, p) is given by
where
f (x) sin nπ p xdx, (see [9, 10, 14] ).
(1.
2)
The Fourier series of an even function on the interval (−p, p) is the cosine series The Euler numbers of the first kind are defined by the generating function to be
with the usual convention about replacing E n by E n (see [1 − 20] ). From (1.7), we can derive the following recurrence relation :
Thus, by (1.8), we get
The Euler polynomials are defined by [9, 10] ).
(1.9)
The Euler numbers of the second kind are defined by the generating function to be
By (1.10), we easily get 11) with the usual convention about replacing (E * ) n by E * n (see [1, 9, 10] ). Thus, by (1.11), we get
In this paper, we introduce some formulae of series expansion which are derived from trigonometric functions related to Euler and Bernoulli numbers.
A note on series expansion
Let us take f (x) = cos ax on (−π, π), where a ∈ (−1, 1 
From (2.1),(2.2) and (2.3), we have
Let us take x = π. Then, by (2.4), we get
Thus, from (2.5), we have
Let z = aπ. Then, by (2.6), we get
From (2.7), we have
(2.8)
Thus, we note that
where c is constant. By (2.10), we see that
where c is constant. Note that 1 = lim z→0
Remark. The equation (2.11) is well known in complex analysis (see [9, 18] ). It is not difficult to show that
12)
. From (2.7) and (2.12), we have
Thus, by (2.13), we get 
. Let us take f (x) = sin ax on (−π, π), where a ∈ (−1, 1) . From (1.5), we note that
where a. Then, from (2.22), we have
(2.23) From (2.23), we have
. Then, by (2.24), we get
From (1.10), we have
By (2.25) and (2.26), we get
(2.27)
By comparing the coefficients on the both sides of (2.27), we get
From (2.23), we have the following equation :
where z ∈ (−π, π). By (2.19) and (2.29), we get
Therefore, by (2.30), we obtain the following equation :
It is well known that
We observe that
.
Thus, by (2.33), we get
(2.34) By (2.34), we get
From (1.7), we note that
(2.36) Thus, by (2.36), we get
Therefore, by (2.35) and (2.37), we obtain the following equation :
Remark. Riemann zeta function is defined by
Note that ζ(s) is a meromorphic function on C with only one simple pole at s = 1.
For k ∈ N, we have
Thus, we get 
